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METRIC CHARACTER OF HAMILTON-JACOBI EQUATIONS

ANTONIO SICONOLFI

ABSTRACT. We deal with the metrics related to Hamilton—Jacobi equations
of eikonal type. If no convexity conditions are assumed on the Hamiltonian,
these metrics are expressed by an inf-sup formula involving certain level sets
of the Hamiltonian. In the case where these level sets are star—shaped with
respect to 0, we study the induced length metric and show that it coincides
with the Finsler metric related to a suitable convexification of the equation.

INTRODUCTION

This paper is devoted to the (nonsymmetric) distances of RY related to the
Hamilton—Jacobi equations of eikonal type

(1) H(z,Du) =0

with continuous Hamiltonian H satisfying the inequality H(x,0) < 0 for any z.
For H convex in the second variable, the recognition of the metric character of
equation (I) is a central point in Hamilton-Jacobi theory, see [10]. This issue has
been revised by Kruzkov [I3] and P. L. Lions [I5] and other authors using weak
notions of solutions.
In the first part of the paper we study the convex case, which for us means (see
8], [9]) that we just assume the convexity of the level sets

Z(x)={p: H(z,p) <0}.
This is of course different from requiring the convexity of H as previously done.
We also weaken slightly the regularity assumption on the Hamiltonian (see section

2). In this case the related distance L is then the value function of the variational
problem

(II) inf /O 5(¢,€)dt,

where d(x, q) is the support function of Z(x) at ¢ and the infimum is taken with
respect to all Lipschitz continuous curves defined in [0, 1] with fixed endpoints.

In section 2 we prove that for any fixed yo, L(yo, ) is a viscosity solution of (I)
in RY < {yo}. Although this fact is generally known, at least when H is convex,
our proof is based on a different point of view. In fact it comes directly from the
analysis of the local behaviour of L and from its convexity property.
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We recall that in the literature a metric defined as in (II) is called a Finsler
metric, and Z(z) can be viewed as its dual tangential ball at z, see section 1.

One important property is that for each pair of points z, y, L(x, y) is the infimum
of the intrinsic lengths of the connecting curves, where the intrinsic length is the
total variation of the curve with respect to the distance.

We emphasize that this situation is quite special, since for a general distance
D the infimum of the lengths gives a new distance, denoted by D; and called the
length distance induced by D. The passage from D to D; can be viewed as a sort
of metric convexification. If D = D, we call it a path metric (see [14] for this
terminology).

The main achievement of the present paper is to show that the metric character of
(I) is preserved, even if with different features, also in the case where any convexity
assumption on H and Z is removed.

Starting from the set—valued map Z, we give an inf—sup integral formula, in-
volving the trajectories joining two given points, which defines a distance S on R .
Then we generalize the result previously quoted in the convex case and show that
for any fixed yo, S(yo,-) is a solution of (I) in RN \ {yo}.

Although it is expected that viscosity solutions of nonconvex Hamilton—Jacobi
equations are represented by game theory—type formulae (see [, [12] ), ours is new
because it can be written starting from a general Hamiltonian satisfying rather
weak regularity assumptions.

We study some properties of S and compare it to the Finsler metric related to
a “convexified” equation whose Hamiltonian has as level sets the convex hulls of
Z(x).

This can be seen as a problem dual to the one treated by Busemann and Mayer
in [7]. They studied the variational problem (II) without the usual convexity as-
sumptions on ¢, obtaining again a distance as value function.

They proved that such a metric coincides with the value function of the problem
defined by replacing § in (IT) by the gauge function of the convex hull of the set
{q: 6(z,q) < 1}.

In our case the situation is different, for S is not in general a Finsler metric and
not even a path metric.

Under the assumption that Z(z) is star—shaped with respect to 0 for any z, we
are able to show that S; (the length metric induced by S) is equal to the Finsler
metric related to the “convexified” equation we mentioned before.

This result establishes a connection between two sorts of convexifications ob-
tained using quite different procedures. It is based on the analysis of the local
behaviour of S (see section 5) done through PDE methods exploiting the relation
between metrics and Hamilton—Jacobi equations that we have outlined before.

The paper is divided into 5 sections. Section 1 is devoted to illustrating some
basic properties of Finsler metrics as well as the notion of length for a general
metric. In section 2 we make precise the relation between Finsler distances and
convex Hamilton—Jacobi equations of eikonal type.

The metric S is defined in section 3, and some of its properties are deduced,
while in section 4 it is connected to Hamilton—Jacobi equations not satisfying any
convexity assumptions.

Finally, in Section 5 the length distance induced by S is studied.
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1. FINSLER METRICS

This section covers some introductory material about Finsler metrics on R¥.
By the term metric (or, equivalently, distance) we mean a nonnegative function,
say D, defined in RY x RY, such that

D(z,y) =0 if and only if x =y,

D(z,y) < D(z,2) 4+ D(z,y) for any z,y,z € RY.

Note that the symmetry condition is not required.

We denote by E the Euclidean metric and write |z — y| for the corresponding
distance between two points z and y, and we write Bg(z,e) for the Euclidean
(open) ball centered at = with radius a positive constant .

We put for any z, A C RY

dp(xz, A) = igf |z — yl,
df(x, A) = dp(z, A) — dg(z, RN  A).

The latter is called the (Euclidean) signed distance of = from A.
The Hausdorff metric dg is defined for any couple K7, K5 of compact subsets of
RY by

du (K1, K2) = max {H}gxdE(ph o), maxdp (p2, Kl)} :
1 2
A Finsler metric, see [7], [5], [6], is defined to be the value function of the following

variational problem:
Given z,y € RY, find

(1.1) inf{/olé(f,f)dtzfeAx,y},

where A, , is the set of Lipschitz continuous trajectories (with respect to £) defined
in [0, 1] joining = and y, and & is a continuous function on RY x RY such that

(1.2) 6(x,q) >0 for any x,q # 0,
(1.3) d(z, A\g) = No(zx, q) for any z,q, A > 0,
(1.4) 6(x,q+7q) < 6(x,q) +0(z,q)  for any z,q,7.

Such a value function, denoted by L, assigns to any couple (z,y) the infimum in
formula (LI)).

It is indeed a metric, because of properties (T.2)), and since for any x, y, z the
juxtaposition of trajectories in A, . and A, , gives, up to a change of parameter,
a curve in A ,.

Note that the convexity does not play any role in this issue, but it is crucial for
analyzing the local behaviour of L, see [7], [5].

Before doing it, we observe that L is locally equivalent to E in the sense that
for any compact subset K of RY there are positive constants R > r such that

rle —y| < L(z,y) < Rlz —y|

for any z,y € K.
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Proposition 1.1. For any xo,

L(z,y)

m —————————
wv=20 30,y — )

(1.5) =1.

Proof. The first step is to show that if &, is a sequence of Lipschitz continuous
curves defined in [0, 1] satisfying, for any n, ¢t € [0, 1],

|£n(t) - (E0| < é&n

with &, > 0 converging to 0, then

1
(1.6) M =1
n fo fnagn

This is obtained through the estimate
|y (O(@0,6n) = 8(En.E)) dt] _ w(en)
|f0 §n7§n dtl N r

which holds for n large enough, with w a continuity modulus for (z, q) — d(z,¢q) in
BE(J,‘Q, 1) X 8BE(0, 1) and

= inf{d(x,q) : (x,q) € Bg(xo,1) x dBg(0,1)}.

At this point take z, and y, converging to xo with x,, # y, and &, € A, 4, such
that

)

1
/ 5(EnsEn) dt < (1 + 1) L(tn, )
0 n

for any n.
Then observe that maxqg 1) [£,(t) — xo| converges to 0 for n going to infinity. So
we can use ([CO) and Jensen’s inequality to get
1 )
) n — T, xo,&n) dt
1imsup7(x£’y Tn) < lim f 0(z0, &n)
n (T, yn) n n+1 fO (&n, fn) dt

Finally, for any n set 7, (t) = (1 — t)x, + ty, and use (LH) again to obtain

1 .
— 6 n)dt
lim 6(1'07 Yn xn) > lim fo (an n )
" L(x"’y") " fo 77m77n dt

O

Menger’s definition of metric convexity (see [6], [d]) requires a distance D to
satisfy for any couple x,y the equality

D(x,z) + D(z,y) = D(z,y)
for a suitable point z depending on (z,y).
L satisfies a strengthened form of such a condition.
Proposition 1.2. Given two points x,y, for any s € |0, |x —y|[ there is z such that

) |z—z[=s(z—yl=s9),
i) L(z,z) + L(z,y) = L(z,y).
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Proof. Let &, be a sequence in A, , satisfying

1
. 1
Liaw) 2 [ S(enéndi-
O n
Take t,, € [0, 1] such that
& (tn) — 2| = s
for a certain s € |0, |z — y|[.
Any limit point z of &, (t,,) satisfies i) and ii).
We assume

(1.7) 6(z,q) > EE

for any x,q and certain positive constants a, b.

lq|

Proposition 1.3. Under the hypothesis (I.4) L is complete, and

lim L(yo,z) = +o0,
|| —+o00

for any yo.
Proof. For any fixed r,y € RY and ¢ € A, , one has

1 . I, 1 g
| sedas [htgaa [ Smig o

and so
eL(x,y)/a(|x| +b)—b>lyl,

which implies that any ball of L has compact closure, and then the thesis.

1991

O

We proceed to introduce the notion of intrinsic length of a curve. See [6], [4],

[14).

In the remainder of the section, D will denote a metric locally equivalent to E.

Definition 1.1. The D-length Ip of a continuous curve & (i.e., a continuous map-

ping of a compact interval, say [0, 1], in RY) is defined by the formula

Ip(§) = supZD(g(ti_n,g(ti)x

where the supremum is taken with respect to all finite increasing sequences {t1, . . .

t,} with ¢; =0 and ¢, = 1.

)

Note that in this definition the orientation of the curve is relevant, due to the

lack of symmetry of D.
If ¢ is Lipschitz—continuous, then (see [14])

1
. Ip(€) = d
(18) n(6) / gdt,
where

(1.9) g(t) = sup {lim sup M

n Sp —1n

From (LX), () and Proposition [l we deduce

P Sp,tn — 8y >tn}.
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Proposition 1.4. For any Lipschitz—continuous curve & defined in [0, 1],

1
(€)= /0 5(¢.€)dt .

Proof. Let g be defined as in ([[L9) with D replaced by L. Thanks to Proposition
I,

g(t) = sup {hmsupé (5(75), M) CSpy by — 1, Sy > tn}

n Sp —1In

for any t. If ¢ is a point where ¢ is differentiable, then g(t) > 6(£(t),£(t)), and so
(&) > fol 5(€,€)dt. The reverse inequality comes directly from the definition of
length. O

Definition 1.2. For any two points x,y we define a metric via the formula
Di(x,y) = inf{lp€ : £ continuous curve joining z and y},

and we call it the length metric induced by D. D is called a path metric provided

the equality D = D; holds.

It is not difficult to see that D; is indeed a metric. Moreover, it can be proved
by exploiting the semicontinuity properties of the length that it is a path metric, is
locally equivalent to E, and complete provided D is so.

Proposition [, formula (1) and the local equivalence of L and E imply that
L is a path metric.

Remark 1.1. The passage from D to D; can be viewed as a sort of metric convexifi-
cation. If indeed a distance is complete, then the properties of being a path metric,
being convex in Menger’s sense, and of having any two points joined by a curve
whose length realizes the distance, are equivalent.

We introduce for any z the set
C(z) = {g e RV : §(x,q) < 1}
and its polar
Co(x) ={peRY :pg<1 VqeC(x)}

Thanks to (L2), (L3), (L) these sets are convex, compact and contain 0 as an inte-
rior point; moreover, the set—valued maps z +— C(x) and x — C%(z) are continuous
with respect to the Hausdorff distance. If () is assumed, then

|x| +b o a
C(x)CBE<O, - , C°(z) D Bg 0’—|x|—|—b .

d can be recovered from C and C° using the gauge and support functions. We
have for any z, g,

3, q) = Vo) (9) = oco(q),

where
_ .4
Yo (9) = 1nf{)\ >0: 3 € C’(m)}
and

oco(ay(q) = max{pq : p € C°(x)}.
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We can think of C(z) (C°(z)) as a closed (dual) unit tangential ball of L at x; a
Finsler metric can then be viewed as a generalization of a Riemannian one having
general convex compact sets as tangential balls instead of ellipsoids.

Remark 1.2. The previous discussion shows that a Finsler metric can be defined
starting from any continuous set—valued map Z with convex compact values and
with 0 € int Z(z), for any =.
One simply makes use of formula (I1]), setting d(z, q) = 0z(4)(q) for any (z,y).
If the condition Z(z) D Bg (0, R

stants a, b, then such a metric is complete and its balls have compact closure.

) holds for any x and certain positive con-

2. CONVEX HAMILTON—JACOBI EQUATIONS

We consider a Finsler metric L and use the notation of the previous section. Our
aim is to relate it to a suitable Hamilton—-Jacobi equation

(2.1) H(x,Du) =0 inRY.

This will be possible using the Crandall-Lions theory of viscosity solutions.
We start by recalling some basic definitions. See [I], [3] for a complete treatment
on viscosity solutions.

Definition 2.1. Given an ls.c. (u.s.c.) function u, a continuous function ¢ is
called subtangent (supertangent) to u at x if x is a local minimizer (maximizer) of

(u—¢).
Definition 2.2. We say that an ls.c. (u.s.c.) function u is a (viscosity) super

(sub) solution of ) if for any x and ¢ C'-subtangent (supertangent) to u at x
one has

H(z, Dp(x)) 20 (£0) .

A continuous function that is a super- and subsolution at the same time, is called
a (viscosity) solution.

For a locally Lipschitz continuous function v we define the (Clarke) generalized
gradient at a point x by

ov(z) = co{lim Dv(x,,) : x5, € dom(Du) , x = limz,},

where co indicates the convex hull and dom(Dw) is the set of points where w is
differentiable.

It is well known that the gradients of C'!'-supertangents or subtangents to v at
x belong to dv(z).

We take any continuous Hamiltonian H, for instance H(z,p) = dﬁ(x,p) or
H(zx,p) = ’YcO(x)(p) — 1, satisfying
(2.2) H(z,p) <0 ifp € intC°(z),
(2.3) H(z,p) >0 if peRN %),

where C%(z) is the dual unit tangential ball of L at = (see Section 1).
We can prove the following fact.

Theorem 2.1. For any yo € RY the function u(z) = L(yo, ) is a supersolution
of @) in RN \ {yo} and a subsolution in RY.
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Note that by the local equivalence of L and F, u is locally Lipschitz continuous.

Proof. Let ¢ be a C'-supertangent to u at a point x¢ and ¢ € RY. Exploit (LH)
to get

V(o) — (o — hq)

D _
Vg = i, T
< liminf L(yo, w0) = L(yo, To — hq)
h—0*t h
. L(xo — hq, zo)
< i Z\ToTNgTo) o
S h (70, q)

By (Z2), [Z3) and the convexity of C°(x¢), this implies H (xg, Dy (z0)) < 0.
Let ¢ be subtangent to u at xy. Thanks to Proposition[[.2 there is a sequence x,

converging to xo such that L(yo, )+ L(2n, o) = L(zo, yo). The sequence ‘ig:?‘
can be assumed convergent to an element g.
Calculate using ([LH)
_ n L ? - L s n
n |{En—{E0| n |$n—x0|
L(z,,
= i BT sy
n |xn - J70|
This implies
H(x0, Dp(z0)) >0 .
O

The previous construction relating a Hamilton—Jacobi equation to a given Finsler
metric can be reversed. We can start from an equation of type (2II) with suitable
properties and define a Finsler metric in such a way that Theorem 3.1 is still valid.

For this, on H and the level sets

Z(x) :=={p: H(z,p) < 0},
we need the following assumptions:
(2.4) H is continuous in (z,p),

and, for any x,

(2.5) H(z,0) <0,

(2.6) llpilrginofoH(m,p) > 0,

(2.7) Z(x) is convex,

(2.8) 0 int (Z(x)) = {p: H(z,p) = 0}.

Therefore Z(x) is convex, compact, and contains 0 as an interior point for any x.
Moreover, we have

Proposition 2.1. The set—valued map x — Z(x) is continuous with respect to the
Hausdorff metric.
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Proof [See [9]]. Let x, be a sequence converging to a point zo, observe that by
EZ4A)-21) any sequence p, with p, € Z(z,) is bounded, and deduce using (24
again the relation
lim max dg(p, Z(x0)) =0 .
n Z(zn)
To show that lim, max .y de(p, Z(x,)) = 0, assume for a contradiction that there

exist p € Z(zg) and € > 0 such that Bg(p,e) N Z(x,) = ¢ up to a subsequence.
This cannot be, by and (2.8). O
Consequently a Finsler metric, again denoted by L, can be obtained starting
from Z as described in Remark 1.1. Theorem [2.1] still holds if in the proof we
replace C° by Z.
If we strengthen (2.5]) by assuming that there are positive constants a, b for which

(2.9) H(z,p) <0 for any z, p € Bg (0, m%) ,

then L is complete and lim ;| 4o L(yo, ) = +00.
We get the following uniqueness result using straightforward techniques.

Proposition 2.2. Under assumptions 4)), @9), &), @2, &), L is the

unique metric with imy 4o L(yo,x) = 400 for any yo for which the statement
of Theorem [2] holds.

Proof. Assume for purposes of contradiction that there is another distance L’ sat-
isfying the assumptions and

(2.10) L'(yo,z0) > L(yo, wo)

for certain xg, yo.
Apply the Kruzkov transform to L(yo,-) and L'(yo,-), obtaining v(-) := 1 —
e Lwo) and w() =1 — e~ L' (o)

These two functions are Lipschitz continuous and solve the problem

(2.11) u—f—’yz(x)(Du) =1,
(2.12) ulyo) = 0,
(2.13) ‘ ‘hni u(z) = 1.

By 2I0) supgy w — v > 0, and by ([Z12), (213) this supremum is attained at a
certain point T # yo. Exploiting the convex character of Z and the fact that w is

a subsolution of ([Z.I1]), one finds that vz (p) < 1 — w(T) for any p € dw(T).

On the other hand, w is a Lipschitz continuous subtangent to v at T, and v is
a supersolution of (ZII)). Therefore (see [§]) there exists py € dw(T) such that
u(T) + vz(z) (po) > 1. This is impossible, since w(T) > v(T). O

The results of this section establish in a more general setting the usual equiva-
lence between Finsler metrics and Hamilton—Jacobi equations of eikonal type.

3. AN inf-sup FORMULA

Here we consider a Hamiltonian H and its level sets Z(x) without any convexity
assumptions. We require (Z4), (Z3), and (Z3J)). Moreover, due to the lack of
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connectedness of Z(x) we need a strengthened form of the coercivity condition
(Z8) to obtain continuity properties on Z:
(3.1) liminf H(xz,p) >0 locally uniformly on x,
[p|—+o0

i.e., for any compact set K there exists R > 0 such that inf{H(x,p) : |p| > R, z €
K} >0.

Our scope is to define a metric that we will relate in the next section to equation
(B]), generalizing the previous results in this nonconvex setting.

It will be expressed by an inf-sup formula involving the set—valued map Z. See
12], [12], [11] for representation formulae of a similar type.

We shall denote again by L the Finsler distance given by (1) with §(z,q) =
0z(z)(q) for any z, q.

Remark 3.1. The metric L can be obtained through the procedure described in
Remark 1.2, starting from the set—valued map z — co Z(z) which satisfies all
the required assumptions. So it comes in a sense from a convexification of the
Hamiltonian H.

Proposition 3.1. The set-valued maps x — Z(x), v — 0Z(x) are continuous and
consequently (x,p) — dﬁ (p, Z(x)) is so.

Proof. The continuity of Z can be obtained as in Proposition ], using the local
boundedness, which comes from BJ).

x +— 0Z(z) is upper semicontinuous, for it is locally bounded, ([2-8]) holds and
H is continuous. If it was not lower semicontinuous, there should be z,p € 0Z(x),
a sequence T, converging to x and ¢ > 0 such that Bg(p,e) N 8Z(x,) = 0. But
the continuity of Z and (Z8)) could be used to select, for n sufficiently large, p/,,
pll € Bgr(p,e) with p}, € Z(xy,), pll ¢ Z(x,), and so to obtain a contradiction.

Therefore (x,p) — dg(p,0Z(x)) is continuous.

The same holds for (z,p) — d#’é (p, Z(x)) since the sets 'y = {(z,p) : dﬁ (p, Z(x))
>0} and I'_ = {(x,p) : dﬁ (p, Z(x)) < 0} are open. O

We proceed to fix some notation and to recall the definition of (nonanticipating)
strategy, see [1, [12].

For any T' > 0 we shall denote by BT the space of measurable essentially bounded
functions defined in )0, T'[ with values in RY.

For simplicity we shall write B instead of B*.

Definition 3.1. Given 7' > 0 and two subsets B1, B of BT, we define a strategy to
be a mapping 7 : By — By such that if ¢t € |0, T[ and 11,72 € By with n1(s) = n2(s)
a.e. in ]0,¢[, then vy[n1](s) = v[n2](s) for a.e. s €]0,¢[.

For any two points x,y € R™ and any T > 0 we set

T
BT, ={ceB ot [ Cat=y)
0

and denote by I'7, I‘z,y the sets of strategies from BT to BT and from BT to BxT,y
respectively.

If n € BT, v € T'T, we write £(n,~y,,) for the integral curve of ¥[n] defined in
[0, T] that is equal to = at 0. It is apparent that if v € Fiy, such a curve joins x
and y.
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If T'=1 we shall omit it in the notation of the previous sets; so for instance I'
will stand for T'L.
For n € BT, v € I'T we define

T
(3.2) ST (1,7) = / Al — Al (n, Z(En, 7z, ))) dt
and
(3.3) S(z,y) :yeh%f,y 22}; S (n,7).

Proposition 3.2. For any z,y € RY,
(3.4) 0 < S(z,y) < L(x,y).
For the proof we need a preliminary lemma.
Lemma 3.1. Let K be a compact subset and po, qo elements of R™V. Then
(3.5) qopo — |a0ld (po, K) < o (qo)-

Proof. It can be assumed that |gg| = 1 without losing generality.
If dﬁ (po, K) > 0, denote by p, an element of K satisfying |p{, — po| = d#’g (po, K)
and calculate
qopo — dip(po, K) = qoply + qo(po — pp) — dig(po, K)
< ox(q0) + Ipo — pol — df(po, K) = ok (o) -
If d%(po,K) <0,set C = {p:pgo = ox(qgo)} and observe that C C cl(RY \ K).

Therefore the projection point 7, of pg on C satisfies |po — Do| > —dg (po, K); on
the other hand, p, = po + (0k(g0) — Pogo)go, and so (B is obtained. O

A

Proof of Proposition[Z2. Let § be any trajectory of A, .
The assignment y[n] = £ for any n € B defines a strategy of I'; ,,, and using the
previous lemma one has

S(x,y)

IN

1
sup / én — €1dE(n, 2(6)) dt
neB Jo

IN

/01 076 (€) dt
and
S(z,y) < L(x,y) .
Denote by 7 the null function of B. Then use ([23) to get
S(ey) 2 of :(7,7)

1
= ot [ —hEIGEO. 26yt = 0.

Yy

O

The next result shows that the definition of S is invariant for changes of parame-
trization.
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Proposition 3.3. For any T > 0 and x,y € RV,

(3.6) S(z,y) = inf  sup S (n,).
’YEFT v neBT

Proof. Define bijective mappings

¢1: B — BT,
¢2 : Bz v Bgyv
¢3 : Fx,y - FEW
setting
o1(n)(s) =n (%) forne B, ae. s€]0,T7,
d2(C) (s ) %C (%) for ( € By, a.e. s €]0,T7,
Ps(Md1()l(s) = d2(v[n])(s) for y €Tay,n € B, ae. s€]0,T].
Given n € B and vy € I'; ,;, note the relation

§(P1(n), ¢3(7), 7, 8) = € (77’7’55’ %)

for any s € [0,7], and calculate

37 (01(n), 93(7)) = /OT %7[77] (%) " (%) - % ‘v[n] (%)‘

Gt 1(2) 2 () ae=utnn)

Then the assertion is obtained by taking into account that the maps ¢, and ¢o are
bijective and (3.3)). O

We establish a dynamical programming principle that will be used to prove a
triangle inequality for S and to relate it in the next section to the equation (Z.1I).

Proposition 3.4. For any z,y € RY and T > 0,
(3.7) S(z,y) = inf sup {37 (n,7) +SE@m7,2,T),y)} -
YETT neBT

Proof. Given e > 0 and z € RY, denote by 7. a strategy from B” to BzT,y such that

(3.8) S(z,y) > Sup\y Tn,vz) — &

then denote by v a strategy from B” to BT satisfying

ll'lf Sup{ 77 7)+S(§(777%33aT)7y)}
~yel'T

(3.9)
2 sup {3 (7,90) + S0 70,2, 7),9)} — < -

For any n € BT, put zn = &(n,70,2,T) and define a strategy 7 from B?T to Bﬁg
by setting, for any 9 € BT,

F[9](s) = vo[th](s) for a.e. s €]0,T7,
F[](8) = Vzp, [V2](s = T) for ace. s € |T,2T7,

where 1,92 are the restrictions to ]0,T[ of ¥ and J(- + T') respectively.
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Claim.
(3.10) su {%‘f(n,vo) + sup SZT,,(Q%,,)} = sup 377 (9,7) .
BT CEBT B2T

Take 6 > 0 and 79, (o in B” such that

su {gf(n,%) + sup %Z,,(C,vzn)} < Q3 (m0:70) + 32, (€0 V2,) + 6.
BT ¢eBT

The right-hand side of the previous formula in turn equals
2L @.7) +9,
where ¥ € B?T is defined by

?(s) =n0(s) for a.e. s €]0,T7,
I(s) = Co(s —T) forae. se|T,2T],

and so the “<” part of 3I0) is proved.
A suitable choice of ¥ in B2T can be done to obtain

sup (‘}iT (19) 7) < (‘}iT (197 7) +d= (‘}Z;({éh 'YO) + (\}Z; (1§Qa 7251 )a
B2T v1
where 0,0, are the restrictions to 0, T[ of ¥ and J(- + T') respectively.

This completes the proof of the claim.
From (B), (39), (B10) and Proposition B3 we get

inf s;l}a{%f(n,v)+S(§(77,%x,T)7y)}

> sup {95(77770) + sup S, (C,vz,,)} — 2
BT ¢eBT

= sup 327 (9,7) — 2¢ > S(z,y) — 2¢ .
B2T

On the other hand, use (3.0)) to get
inf sup {37 (n,7) + S0, 7,2, 1), y)}
r'T gt

< inf s;p{%f(n,v) +S(y,y)} = S(z,y) -

Proposition 3.5. S is a distance.

Proof. In Proposition B2t has already been shown that S is nonnegative.
Given z € RY, define a strategy ¥ € I',. , by setting

F[n@#) =0 ae. te€]0,1]
for any n € B; then
S(x,z) < supSy(n,7) =0.
B

Now take two points g, yg with xg # yg, and set

ro = inf {~d}(0, Z(x)) : © € Bu(wo, lyo — wol) }
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by (ZH) and the continuity of dg(x,Z(-)), ro is positive. Denote by 77 the null
function of B, and write

S((Eo,yo) > inf %xo(ﬁ;')/)

T0,Y0
1
= inf / Iy @) 0, Z (€T, 30, -))) dt > rol0 — go| > 0.
*0,¥0 J O

Finally, the triangle inequality comes from (7). In fact, for any zy € RV,
S(wo,y0) < Finf sup { S, (1,7) + 5(20,%0)} = (20, 20) + 5(20,%0) -

xg,z0 B

O

Proposition 3.6. S is locally equivalent to E. Moreover, if [29) holds, then it is
complete and lim|z|_ 1 S(yo,z) = 400, for any yo.

Proof. Let K be a compact set and zg € K. Set K = clBg (20, 2diamp K) (diamg K
is the Euclidean diameter of K), and observe that » < |p| < R for p € 0Z(z),
z € K and suitable positive constants r, R because Z and & — —d#(0, Z(z)) are
continuous and by the assumption (Z3)).

Take o # yo € K and define 5 € 'y 4, by

Fn#) =yo —xo a.e. t €10,1]
for any n € B. Consequently,
&(n, 7, x0,t) = o + t(yo — x0) =: €(t), t€[0,1],
for any 7. Then use (Z.H]) to get

S(zo,90) < Slép S (0,7)

1
— s / (50 — 7o) — lyo — wold: (n, Z(2)) dt
B 0

IN

1
/ Uz(g)(yo — x0) dt < Rlzo — yol -
0

Observe that Bg(zo, [yo — z0|) C K, and so
ro := inf{—d%(0, Z(x)) : x € Bg(zo, [yo, To|)} > r;
then argue as in Proposition to get
S(xo,y0) = rlx —yl| .
If 229) holds, then, arguing as in Proposition[[3] one sees that for any z,y,y € 'y 4,

1
d
%a(7) = 0 [ e )+ b) e

where 77 is the null function of B. This implies that any ball of S has compact
closure and the thesis. O

From the previous result we immediately derive

Corollary 3.1. For any fived yo € RN the function S(yo,z) is locally Lipschitz
continuous.
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4. NONCONVEX HAMILTON—JACOBI EQUATIONS

Here we relate S to the equation ([2I) when H satisfies (24)), (Z3), 310, [Z3)
and show that Theorem [2T]is still valid when S replaces L.
We first prove the following:

Lemma 4.1. Let S be the distance obtained via formulae ([32) and ([B3) when we
replace Z by —Z. Then

S(@,y) = S(y, )
for any x,y € RV,

Proof. Define bijective mappings

¢1: B — B,
¢2: Byy — Bya,
¢3:Lay — Ty,
setting
do1(n)(s) =—n(l—ys) for n € B, a.e. s € ]0,1],
?2(Q)(s) = —C(1 —9) for ( € By, ae. s€10,1],

d3(M[e1(M)](s) = d2(v[n])(s) for y €Ty y,m € B, ae. s€]0,1].

Moreover, for any 1 € B, v € I, define the quantity S, (n,7) as in @2) with —Z
in place of Z.
One has, for any n € B, v € 'y,

Sy (1(n), ¢3(7))
/0 (1= $) (=1 = 5) = Al (1 — 5)|

ng(_n(l - S)v —Z(f(%% Z, 1- s)) ds
S, 7).

Now we recall the definitions of S and S, and use the bijectivity of ¢; and ¢3. This
completes the proof. O

Theorem 4.1. For any fived yo € RN the function x — S(yo,z) is a subsolution
of @) in RYN.

Proof. In view of Lemma 4.1 we will prove the equivalent assertion that v(x) :=
S(z,yo) satisfies H(x, —Dv) < 0 in RY in the viscosity sense.

If this is not the case, there exists a C'!'—function 1 supertangent to v at a certain
point z¢ with ¥ (xg) = v(zo) such that H(xo, —D(x¢)) > 0. This implies zo # o,
since otherwise zo would be the minimum point of v and so —Dw(z¢) = 0 should
belong to Z(zp).

Therefore, by the continuity of dﬁ(', Z(-)) and D, there are positive constants
To and 9 such that

(4.1) df(D(x), —Z(x)) > 9

for any x € Bg(xo,Tp).
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Set

R =sup{|p|:p € —Z(x), © € Bg(zo,T0)},
M = sup{|V¥(z)| : © € Br(z,T0)},

= min Q; 1
°T 2M+9+R2)’
and select T € 10, Ty[ satisfying
(4.2) v(z) < ¥(x),
9

(43) IDy(a) - DYyl < ge.

for any x,y € Br(z,T).
Fix a unit vector qg, and define a map f : RV — RY by setting

_ p— Dip(xo) : -
f(p) = 0= Do)l f p # Dy(xo),
F(D(0)) = 0.
Claim.
(14) @t (o ~Z(@) + F®)p — DV(x) > &

for any x € Bg(z0,T) and p € RY.

First assume |[p — Dy(x)] < %, then observe that by (&T]), dg(p, —Z(x)) > 0,
denote by p’ an element of —Z(z) satisfying |p — p| = dﬁ (p, —Z(z)), and exploit
(ETD) again, to get

3
df(p,—Z(x)) = [p—p'| = |p' = DY(@)| — [p — Dip()| > 1Y
and
)
A (p, =2 (@) + F(p) (0 = Di() > dF(p, ~Z(x)) = |p = D) > 5 .

If instead |p — Di(z)| > 2, then by (£3),

lp— Do) > Ip — DY(@)] ~ DY (z) — Dy(ao)| > &,
and so

p—Dp(x)  p—Di(x) ‘ 8 ‘g p—Di(x) 9 p— Dy(zo)
p—Du(@)|  [p— D¥(ao)] 9 |8Tp— Du(@)] ~ 8]p— Dulwo)]

< %|Dw(x) — Dip(a)| <= .

Since e < 1, this implies that f(p)(p — Dy(z)) > 0.

Now divide the proof into two cases according to whether |p| > R+ ¢ or |p| <
R+9.

If [p| > R+, then d(p, —Z(x)) > ¥ and so

A (p, —Z(x)) + f(p)(p — DY(x)) > d(p, —Z(x)) > 0 .
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If |p| < R+ 9, calculate
)< dp(DY(e),~Z(@)) < dfp,~Z(@) + |p ~ Dy (@)

— i —T(x p—Dy(x)  p—Dy(xo)  Dle
= dulp. 2 ”+<|p—Dw<x)| |p—Dw<xo>|)(p Dy(@)

+ f0)p = DY(2)) < dfy(p,—Z () + (R + 0 + M)
b 1)~ D)) < dE,—2() + 5+ J)(p— D),

which ends the proof of the claim.
Define a strategy 75 € I'7 by

@) = f(=n(®)) ae t€]0,T]

for any n € BT.
Write for simplicity (), -) instead of £(n, v, zo, ) for n € BT, and observe that
since |v¢[n](t)] =1 a.e. t, it follows that

(4.5) &(n,t) € Be(xo,T)

for any ¢t € [0,7T], n € BT.
Then exploit (37), [@2), (EH) to get
¥(zo) =v(xo) < sup {20, 77) +0(E. 7))}

< sup {ST, () + (€M, T))},

S~—
I

and consequently,

BT

sup {/O F=n)(DY(E(, ) +n) — dis(n, Z(£(, .)))t}

= sup {/O F=n)(Dv(EMm, ) — (=) — dig(—n, —Z(&(n, ~))t} >0,

BT
which contradicts (&) if we take (ZH) into account. O

Theorem 4.2. For any given yo € RY the function x — S(yo,x) is a supersolution
of @) in RN < {yo}.

Proof. In view of Lemma 4.1 we just need to show that v(z) = S(z,yo) satisfies
H(z,—Dwv) > 0in R™ \ {yo} in the viscosity sense.

The argument is by contradiction. Let ¢ be a strict subtangent to v at a point
xo # yo with p(zg) = v(zo) satisfying

(4.6) H(zo,—Dp(x0)) <0 .
Then the function
(4.7) 9(z) := |Dp(x) — Dp(wo)| + dfs(Dep(w0), —Z(x)) < 0

for © € Bg(xo,T), where T is a suitable positive constant, which can be taken so
that yo ¢ c!Bg(xo,T) and

0<d< min (v-—
aBE(Io,T)( 80)

for some ¢ > 0.
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Choose a strategy 7 € I', 4, such that

v(xo) > sup Iz, (1,7) —6/2 .
nEB

Put
() = —Dy(zg) a.e. t €10,1]
and denote by £(-),7 and Z the trajectory &(7,7, o, ) and the exit time of £(7,7,

o, ) from Bg(zo,T) and §(7,7, xo, 1) respectively.
Then define a map ¢ : B!t — B by

oA =Tt ae te]d,
»(O)(t) (t+t) ae. telt,

7 i,
¢ 1,

for any ¢ € B, )
The strategy 7, thanks to its nonanticipating character, gives a @ € T'L~f by

51 = ANt +1) e te 0,11 |
for any ¢ € B, Therefore
o(zo) > / T — AL @ Z@) dt+ sup SEEC,D) - 6/2
0 ceB-T
> / 77 — AL @, 2@)) dt + (@) + 6/2,

which implies that

/0 F(De(0) — Dp(®)) + L (Do), — Z(E)) dt

= [ A== Dol + Il (1.~ 2(@) v > 372

and
/0 Ale@ dt > 5/2

This contradicts (A7), since &(t) € Bg (o, T) for t € [0,7]. O

Remark 4.1. If we assume (Z9)) and the convexity condition (21), then the previous
results imply in the light of Propositions and 3.6 that S = L.

The next example shows that if Z has nonconvex values, then L and S do not
in general coincide. To prove this we will use Theorem 4.1.

Example 4.1. We start by defining a set—valued map Zj; afterwards we will in-
troduce a continuous Hamiltonian having Zy(x) as level set for any z.
We give for any « € RY an open cone K, by
2
x
sz{)\p:/\zo, Ip| =1 Withpx>|x|—%}.
It is clearly empty at 0, and equals RY if |z| is sufficiently large.
Then we set

Zo(z) = (lBg(0,1) \ K;) UcBg(0, g(x)),
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where g(x) = max(1 — 2/3|z|,1/3).

The set-valued maps Zy and 0Z are continuous, and Zy(x) contains 0 as an
interior point for any x; moreover, it has compact values, is star-shaped with respect
to 0, and is constant outside a certain compact.

Proposition 4.1. Let xzy be in Bg(0,1), and let qo be a unit vector such that
xoqo > 0. Then

(1) 7z (@0) > (1 g0

Proof. Assume g # 0, and recall that 0z, (4)(q0) = Oco 2o (2)(4)-
Observe that

T 2
(4.9) co Zo(z0) = Bg(0,1) N {p : pro < |zo| — %} :

then \g := = satisﬁes AoZo € O co Zy(xp).
Put a = )\0|a:0| =1—1|zo|.

Express qg in the form %, where ¢ is a suitable unit vector orthogonal
olTo

to 29, and t > 0. If t > (1 — a?)'/2, then by (@) 02(z0)(q0) = 1, while if £ = 0,
then 0z(;,)(q0) = @, and so [@.8) is verified.
If t €0, (1 — a®)/2[, then o, (40)(q0) = go(Mozo + (1 — a®)}/?q). Then set

III

1 a®+ (1 —a®)'/?t + 1/2 alzo|
ft)= JZo(ﬂco)(qo) + 5(]0%0 = (a2 + t2)1/2

and observe that f has no local minima in ]0, (1 — a?)*/2[. Since f(0) = 1 and
f(v/1=a?) > 1, this implies f(t) > 1 in ]0, (1 — a®)'/?[, and so the assertion. [
Define a metric Ly starting from = — co Zy(x) as indicated in Remark 1.2.

Proposition 4.2. For any x € Bg(0,1),
Lo
(4.10) Lo(0,2) = |z| — 1|x| .

Proof. Take x € Bg(0,1), z # 0, and £ € Ag 5. Let to be the exit time of £ from
Br(0,|z]), and set J = {t € [0, 0] : t € dom(€), E()E(L) > 0}.

Claim.
(4.11) HY(E()) > |z,

where H' is the one—dimensional Hausdorff measure relative to E.
To show this, define f : RV — RY by setting f(y) = ‘lgl‘x for any y, and observe

that it maps £(J) onto {Arf; : A € [0,]z[]}. Therefore is obtained, since f is
Lipschitz continuous with Lipschitz constant 1.
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Calculate, using (E8), @II) and the fact that |z| < 1,

1 . tO . .
/ 0zo(6)(§)dt > / 0z,(¢)(§) dt = / 0 70()(£) dt
0 0 [0,t0]~J

) ) 1.
 [oao@az [ e [ - géoa

to
> M) - [ éede = ol = 7P

Finally, setting £(t) = tx, we get

1
) 1
| ozt = ol = glaf?
0
(|

At this point define the metric Sy using with Z replaced by Zy and (8.3)),
and take a continuous Hamiltonian Hy, for instance Ho(z,p) = d:(p, Zo(x)) (see
Proposition [31]), representing Zy in the sense of formulae (ZZ) and (Z3) with C°
replaced by Zy. In light of Theorem ET] Sy(0, -) is a subsolution of equation (Z1I)
with Hy in place of H. This property does not hold for Lo—in fact from (ZI0]) we
get

T 1
DL =— — = Z
for any « € Bg(0,1) \ 0. This shows that Sy # Lo.

5. CONVEXIFICATIONS

Here we compare two sorts of convexifications that can be done in the problem
we are dealing with and that lead to two, a priori different, path metrics.

We can convexify the level sets Z(x) of the Hamiltonian and then define the
Finsler metric L as indicated in Remark 3.1. On the other hand, we can directly
“convexify” S by passing to the induced length metric S;, see Remark 1.1.

We require that

(5.1) Z(x) is star—shaped with respect to 0

for any x.

Moreover we assume (Z4)), (Z50), [Z9) and (Z6), which is enough to guarantee
the continuity properties of Proposition Bl since Z(x) is connected for any x (see
the proof of Proposition ).

Under these conditions we are able to establish

Theorem 5.1. S; = L.

This result in particular implies in view of Example 4.1 that S is not in general
a path metric. This is indeed the metric counterpart of the lack of convexity in H
and Z.

The crucial point for proving Theorem 5.1l is to examine the local behaviour of
S, as we did for a general Finsler metric in Proposition [T} It is worth noting that
in the Finsler case this result was used to show the relation of such a metric to the
Hamilton—Jacobi equation; here the procedure is inverted, and the local properties
of S can be studied by exploiting its link with the equation (ZII).
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We start by recording for later use the following fact.

Lemma 5.1. Assume K C RY is star—shaped with respect to 0. If pg € int K, then
Apo € int K for any A € ]0,1] .
Proof. Suppose Bg(po,e) C K for a certain ¢ > 0 and take A € ]0,1[; then
Bg(Apo, Ae) C K, since %p € Bg(po,¢) for p € Bg(Apo, Ae). O
In the following lemma we essentially exploit hypothesis (B.1I).

Lemma 5.2. For any v9 € RY and py € int Z(x¢), there evists a set-valued map
Zy with compact convex values such that

i. ¢ — Zy(x) is continuous,
ii. po € ZQ(J)Q),

’

iii. Bg (O7 ﬁ) C Zo(x) for any x and suitable positive constants a’, V/,
iv. Zo(z) C Z(x) for any x.
Proof. Using the previous lemma and the fact that pg is an interior point of Z(zo),
it is clear that there is an € > 0 such that
clBr(Apo,€) C int Z(xo)

for any A € [0, 1].
Set

Co= |J dBr(\poe)

A€0,1]

and observe that this set is convex, compact and contained in int Z(zg). Therefore
by the continuity of Z there exists é > 0 such that

Co Cint Z(z) for any x € Bg(xo,9) .
Define Z; by setting
Zo(x) = Mx)Co + (1 — A(z))clBg(0,¢)
for x € Bg(xo,0/2),
Zo(x) = (1 = Mx))el Bg(0,¢) + A(z)cl Bg (0, —d% (0, Z(x))
for x € Bg(xo,0) \ Bg(xo,d/2), and
Zo(z) = el Bp(0, —d%(0, Z(z))

for x € RN \ Bg(o,9).
Here A : RN — [0, 1] is a continuous function satisfying

Az) =1 forxz € dBg(xo,0)U{zo},
Az) =0 forx € dBg(x9,0/2) .

It can easily be seen that Zj satisfies the statement. O

We proceed to prove the announced theorem on the local behaviour of S. From
now on we set §(x,p) = 0z()(p) for any = and p.

Theorem 5.2. For any xg € RY,

(5.2)
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Proof. Fix € > 0 and denote by r a positive constant verifying
(5:3) S(z,y) = rlz —y|

for z,y € Bgr(xo,1). Such an r does exist, by the local equivalence of S and E
shown in Proposition 3.6

The compactness of 9Z(xy) and the condition (Z) enable us to select a finite
set of elements {p1,...,pn} in int Z(z0) such that for any p € 0Z(zo) there is an
i € {1,...,n} for which the inequality |p — p;| < € holds.

For any ¢, denote by Z; a set-valued map verifying the statement of Lemma
with po replaced by p;.

By the continuity and convexity properties of Z; there is a continuous Hamil-
tonian H; representing it in the sense that (Z2Z) and (Z3) hold with H and C°
replaced by H; and Z;. Now recall that the Z; have convex values, and deduce that
the Finsler metric

1 .
Li(z,y) = inf{/O 5;(&,8)dt: € € Ax,y}

(with 6;(z,p) = 0z,(2)(p)) and S; obtained via formulae ([B.2) and (B3)), with Z; in
place of Z, are related to the equation (Z1I) as specified in Theorems 211 [T}, and
and so must coincide in the light of Remark 4.1. From this and the relation
Zi(x) C Z(x) for any x, it follows that

(5.4) Li(z,y) < S(x,y) for any x,y,i.
Since by Proposition [T1]

im ——i\%Y)
wr0 60,y — )

=1

?

there exists d. € ]0, 1 such that
(5.5) di(zo,y —x) < (1 +¢)Li(w,y)

for any ¢ and any x,y € Bgr(zg, d;).
Take x,y € Bg(zg,d.) and use the density property of {p1,...,pn} to get

(5.6) (0, y —x) < pily — =) +ely — x|

for a suitable i.
Then from (E4), (EH), (56) and the fact that p; € Z;(z) we get

5($an_$) < 5z($0ay_$)+5|y_$|

< (I+e)Liz,y) +ely — |
< (+e)Sz,y) +ely—=|.
From this and (5.3)) we see that
(5(%0, Y- LE) €
A0 I ) <
Say ST
which implies
5 _
lim sup (@0, y — ) <1,
suso S(2,y)

since € is arbitrary.
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On the other hand, by (84) and Proposition [IT],
Saoy =) . | oy 1)

lim inf > 1.
s Sa,y) wv o L(z,y)

O
From the previous theorem we conclude that the S-length and the L-length of a

Lipschitz continuous curve coincide.

The proof goes as in Proposition [C4l.

Theorem 5.3. For any Lipschitz continuous curve & defined in [0, 1],

ls(§) = 1L(§) :/0 8(&,€)dt.

From this and the local equivalence of S with F we finally get Theorem [5.1]
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